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Abstract We make a systematic theoretical analysis of the masses of the fermions and their variation with 
energ / by solving the one loop renormalization group equation (RGE) in the Minimal Supersymmetric Standard 
Model (MSSM) A simple common mass for all the fermions around 115 GeV at GUT scale has been found as a 
possib le solution of RGE by Deo Maharana and Mishra Here we undertake the unfinished but the important task 
of calc ulating the electroweak masses of the fermions at different energies The proposed parametric unification 
mass nnd group theoretic constants for the model are well known The mass of the top quark and its descent is 
studie J by an approximate method very carefully We find that the Ramond Roberts and Ross value of the 
Wolfenstein parameter is reproduced and is nearly equal to 0 22 When raised to integral powers and multiplied 
by 115 GeV the whole mass spectra of the remaining eleven fermions are obtained within experimental errors 
We deduce formulae for the masses and plot them for all the 12 fermions from t - log {/t/MK) - 0 to tK = 33 the 
GUT mas \ being Mx = 2 2 * 1016 GeV 
Keyword*i RGE MSSM 
PACS Nos 12 10 Dm, 12 10 Kt 
1. Introduction 
Pciti and Salam [1] pioneered the idea that leptons are the fourth colour, quarks and 
le ptons should be brought under the same umbrella of one group so that all forces (except 
gravity) can be understood in terms of one unifying force parameter near the Planck 
scale The six leptons should be treated at par with the six coloured quarks The 
elementary constituents of matter would become twelve only With the availability of 
Corresponding Author 
©2008IACS 
1530 B B Deo and P K Mishra 
enormous data from the high energy accelerators, phenomenological analysis backed by 
imaginative theories, it has been found that the familiar standard model, which is the 
product group SUC(3)®SUL(2)<$> Vy(1), can explain all of them successfully This standard 
model is characterised by three coupling strengths of the weak, the electromagnetic and 
the strong interactions It was conceived that all the three couplings should run, i e, they 
change with energy, and eventually become one at the grand unified scale This could be 
made possible by solving the relevant RGE The coefficients of the theory are specified 
by the group structure alone Many theoretical models were investigated and only a few 
years back, it has become essential to bring in supersymmetry In the minimal version of 
the MSSM, the beta coefficients are such that they run the coupling strengths to a single 
value (4;r/<7u) =- ^GUT ^1/25 at a mass of Mx = 2 2 * 1016 GeV This has been the most 
attractive result in the current investigations in gauge theories [2] 
Next in order, the major challenge in particle physics, was and is the theoretical 
derivation of the mass spectrum of the quarks and leptons in the same successful MSSM 
theory In this model, all the masses of the fermions and the mixing angles were being 
chosen arbitrarily to account for the 19 free parameters of the theory In the absence of 
such a fundamental theory, it has been in vogue to pursue the method which has been 
known as 'texture analysis' After finding a suitable texture, one can investigate further 
and possibly obtain unification mass parameters for all the fermions as a generalisation of 
the hypothesis by Georgi et al [3] Eventually, one can predict their individual masses by 
using the analytical MSSM group coefficients for a RGE for the masses of the fermions 
As yet, this programme has not been entirely successful, even though several attempts 
have been made There has been many numerical analysis using high speed computers 
The reason is, perhaps, not hard to seek The integrands of the mass equation can be 
mapped into a unit circle in complex (f-log (mass)) plane There are poles at the mass 
values in the integrand in different Riemann sheets To find them, by pure analytic means 
is very involved and may be impossible It is much easier to find the poles and the 
residues, though not exact, they are quite accurate for our purpose 
Unfortunately, analytical solutions had not been searched for by finding the solutions 
of the equations by looking at the similarity of the forms of the equations of the gauge 
sector Moreover, the integrals to be evaluated to solve the differential equations can be 
multivalued We have given exact one loop solutions in eqs (2 16) and (2 17) From these 
we find, as already mentioned, the masses turn out to be poles in different Riemann 
sheets when the whole of the complex f = log ///Wz plane is mapped into inside o f a 
circle The analytical details will be discussed in the Section 4 of the paper 
One of the 13 parameters of the standard model was first predicted in 1974 by Gaillard 
and Lee [4] Then came the popular mass matrix ansatz of Fntzsch [5] A complete 
listing of textures and their relevance to experimental findings were made by Ramond, 
Roberts and Ross (RRR) [6] Since they also took the help of RGE, we shall present the 
essential results of their work in this section Before that, we present the MSSIVI 
Lagrangian 
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Aw ^QLMu0uUR +QLMD0dDR + lLME<PaER + \LMN<t>uvR +hc (1 1) 
We ignore the particles and consider the rigid part of the Lagrangian given by Demir [7] 
In the renormalisation schemes, the Yukawa couplings MF(t) and the ve v vF{t) change 
with energy differently The Dirac masses are given by 
mF(t) = vF(t)MF(t) (12) 
The masses considered above are not the masses of the flavor eigenstates of the model 
The one loop RGE, as written by Grzadkowski, Lindner and Theisen [8] for MY(t) are 
16;r 2 ^-- ( -G y +r y +S y ) /W y (0 , (13) 
t = log (ju/Mz), // is the renormalisation point and Mz is the mass of the Z-boson Here 
y = U stands for U-quarks (F = 1, 2, 3), u, c and tt Y = D stands for Down quarks (F = 
4, 5, 6), b, s and d, Y = N stands for Neutrinos (F = 7, 8, 9), i e , i^ , and v: and Y = 
E stands for electrons (F = 10, 11, 12) e // and r G y (f) contains the gauge coupling 
terms, given in Section 2 and 
r u =Tr(3MX+WX). 
TD=Tr{3MDMl*MEMl), Tu =TN ,TE =TD (14) 
and 
S u - 3M^/Wj + W 0 Mj, SD - 3MDM£ + M^M^, SE - 3MEMl + MN/W^ , 
SN=3MNMl+MEMl (15) 
To find the couplings, we have to solve the twelve differential equations and determine all 
the couplings/masses from only one value of coupling at t = tx or MF(MX) First, we turn 
our attention to the mas of the top quark Incidentally, Pendleton and Ross [9], Faraggi 
[10], and some others have predicted the value of the mass of the top quark which was 
around 175 GeV, even before the top was discovered 
In this paper, all the one loop equations are solved following the same method used 
for the gauge sector A particular MF(MZ) is obtained relating to MF(MX) and other fermions 
Eventhough we aim at single input value MF(MX) = Mu, which is independent of F, the 
integrals needed for the solutions for the masses are such that 
J/Wt2op(r) dr » |< t o p (r ) cfr > » \M^[T) dr . (1 6) 
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However, average quark masses for the integral from t to tx, tend to be equal, the first 
inequality for eq (16) is nearly equal to one The leptonic ones are still negligible Neglect 
of the masses other than the top quark, gives a reliable result for the Miop(Mx)~ M 
Following this approximation procedure, we find from the other eleven equations that 
M\op(Mx)-MF[Mx)~ Mfj -115 GeV for the all other fermions, using the equations for 
heavy quarks given by RRR 
We choose Mu ^115 GeV as the only input Furthermore, MSSM has two Higgs 
{fa) = vu(t) = v(t) s\nfl(t), {fa) - M O = VV) cos/7(f). v2(t) = v2d(t) + v2u(t) 
v It) 
and tan/?(0 = - i ^ - (17) 
va(t) } 
It is to be noted that v(t) is the vacuum expectation value of single Higgs of the Standard 
Model, v(M2) = 246 GeV, sin/?SM(M2) = l/>/2 We note that v0 = 246/72 GeV = 174 
GeV, which is close to MX09(MZ) = M5 GeV For simplicity, we shall use this value as 
the unit of energy whenever unspecified 
The one loop RGE are 
and 
The calculation of tan j3(t) = (vu(t))/(vd(t)) in MSSM has attracted considerable attention 
There exist extensive literature, most of them are given in reference [11] We note that for 
the normal SM, one Higgs ve v satisfies the one loop equation 
1 6 ^ ^ = ( ^ g ?
 + ^ g 2 2 -Tr(3MuMl + 3 M 0 i ^ ) ] vSM (1 9) 
However, for a transition from MSSM to continue below Mz, we have to deal with the 
defining eq (17) 
IQ-a^sM _( 3 -2 3 
dt 
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As vu tends to v& below Mz for broken MSSM, we have 
\$59* + ^ " M 3 ^ + 3WDMt) j ^ 
To maintain continuity, we assume that at t = 0, 
tan/?(Mz) = tan/?SM(Wz) = 1 
Using the approximation given in eq (1 6), we get from eq (1 8), 
tan fi{t) - exp ( - J L {[Mt2op(r)-Mb2ottom(r)] dr 
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(112) 
(113) 
Using the fact the t integrals for the heavy quarks in Section 3 are nearly the same and 
close to one and deduced in some detail in Section 3 and we find that tan p(t) is a 
slowly varying function of t and drops from 1 at 91 GeV to 0 9 at 1016 GeV So the 
calculation is much simplified if we assume that sin p = 1/V2 = cos p This value is not 
ruled out by experiments [8] 
Dimopoulos, Hall and Raby [12] have analysed and included the leptons following 
Georgi [3] and solved the MSSM RGE with some degree of success RRR tried to analyse 
all the cases and put them in a CKM matrix form, proposed by Wolfenstein [13] and 
diagonahse them to the texture types 
V, CKM 
( s , (s 3 -s 4 ) 
s< + CyS^e -If 
"
S1S2+ (C1C2C3C4 + V 4 ) 6 ' 
- c , ( s 3 - s 4 ) 
s 2 (s 3 -s 4 ) ) 
S 3 - S 4 
(c3c4 + s^s4)e'* 
(1 14) 
A2/2 A AA3(P + irj)) 
-A 1 - A2/2 AAZ 
{AA3^-p + irj) -AA2 1 
(115) 
Here s, c, (/ = 1, , 4 ) are the sines and cosines of mixing angles The parameters A 
can be identified as the Wolfenstein parameter From the identities given by Dimopoulos, 
Hall and Raby [12], following from eqs (1 14) and (1 15) 
' - W 2 +s%+ s,s2 cos Yi (1.16) 
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<f> is the CKM phase angle and s, =(Md/Ms)V2 = A, s2 =(MJMC)V2 = A2, and 
4^ ~({MdMs)/MJ;) ~ A* As will be discussed later, the cos^ defined in [12], we shall 
get cos^ = - / l /2 and s3-sA -A2A(t), where A(t) depends on t The small expansion 
parameter is A - 0 2 and A - 0 9 ± 0 1 Olechowski and Poroski [8] were the first to 
write down the RG equations for the parameters 
dA
 n dp n dn n 
- = 0 , ^ = 0, and - ^ = 0
 ( 1 1 7 ) 
Here c = 2/3 for MSSM and JCf, is the irreducible phase of the CKM matrix To arrive at 
eq (1 17), we equate 
A(t). MbotXoJt)MX09(t)^
n 
Mfop(Mx) (1 18) 
Using one loop RG eqs (1 3) to (1 5), we get 
A(MX) -= 1 00 and A(MZ ) = 1 474 (1 19) 
RRR have made a complete listing and analysis They arrived at the value A - 0 22 and 
the oft quoted results, 
mr mu me = mb ms md=^ A* ^ 4 ' mt mc mu = 1 ^ ^ ( 1 2 0 ) 
which is very well satisfied by experimentally found masses This has been thought to be 
a unique and miraculeus result 
We organise the paper as follows In Section 2, we shall write the RG equation with 
the MSSM coefficients and give the one loop exact solutions In Section 3, the unification 
mass for all fermions at GUT scale ranging from 113 GeV to 125 GeV as computed by 
Deo and Maharana [14], will be discussed as a follow up of their letters [14,19] An 
expression for Wolfenstein parameter in terms of RGE coefficients is given in Section 4 
We propose and approximately deduce that for any fermion, other than the top 
MF -MuAn" , where Mu = 115 MeV and nF is an integer In Sections 5, 6 and 7, we 
suggest an alternative method of calculation of experimental masses of all fermions 
including the leptons, by a suitable self contained procedure which includes the gauge 
couplings as well The equation for the running of the masses of all the fermious is given 
in Section 8 The results are given in tables and are also shown graphically for greater 
clarity The concluding remarks are given in the Section 9. 
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2. Renormalisation group equations and solutions 
As stated, the gauge sector of the standard model is characterised by three coupling 
constants g3, g2 and g1 of SUC(3)QSU2(2)® L/y(1) respectively However these couplings 
are not constants, they change with energy/mass values The nature of variation is given 
by the solutions of the RG equations The coefficients are calculated by the specific 
nature of the Standard Model group For MSSM, the three couplings at mass Mx = 2 2 * 
1016 GeV [15] unite to a unified coupling constant g^/Ar 1/24 6 Here the 
supersymmetry descends from Mx down to Mz ^91 GeV as suggested by Witten The 
RG equations for the couplings in the lowest order are given by 
167r2
^r = C ' g ' ( 0 /= 1 2 3 (2 1) 
The coefficients are c1 = 6 6, c2 = 1, c3 = - 3 The first two coefficients are positive 
indicating that UY (1) and SUt (2) are not asymptotically free, whereas the SUC(3) colour 
group in free and makes the entire product group asymptotically free This implies that in 
a perturbative formulation, the higher order contributions are small and can be neglected 
Therefore, we shall use eq (2 1) only in the gauge sector, with two Higgs [15] 
The running parameter f is defined as t = logp ////If, so that it varies from 0 to 
\oge(Mx/Mz)-33 The solution to RG equation (2 1) is 
4/T Ax 
gf(t) g; 2,T t (2 2) 
Here, gf = gf(0) are the coupling strengths in the electroweak scale MZ Taking the 
value of Mx = 2 2 * 1016 GeV and An/gfj = 24 6 , we calculate the values of 
Arcjg] - 59 24 , Anjg] = 29 85 and Anjg\ - 8 85 These are consistent with the 
experimental results Thus the three coupling strengths are descendants of one coupling 
constant gu 
Taking the clue from eq (2 1), we rewrite the Yukawa sector SUSY RG equations 
given earlier in eq (1 3), which had also been written by Babu [16] following Georgi and 
Glashow, and Eitchen et al [17] in the following way with the masses in units of 175 
GeV 
1 6 ; r 2 ^ ^ « ^ ^ (2 3) 
AF is a theoretic factor whose value is '6' for quarks, / e, F = 1, 2, , 6 and '4' for the 
leptons le, F = 7, 8, , 12 We have discretely taken out the main effective mass 
terms i l f*(f) , so that we can study the equations much more carefully like the gauge 
theoretical calculations The way, the RGE is written above is critical and crucial The 
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first term is like the first term of gauge sector REG (2 1) and ZF, containing the Yukawa 
coupling also, has the mam mass in MF of eq (2 3) missing and this mass in MF of eq 
(2 3) behaves as an external field as in some problem of quantum mechanics and is 
accessible for an exact integration as in eq (2 1) We repeat for ready reference that the 
12 fermions are suffixed as F = 1,2, 12 F = 1, 2, 3 are the U-quarks t, c and u 
Similarly, F = 4, 5, 6 denote the D-quarks b, s and cf, F = 7, 8, 9 are the £-leptons e 
// and r , and F = 10, 11, 12 are the W-neutrinos v9%vfitvr Further, W1 = Mtop, M2 = 
Mcharnv • M^2 = M t a u 
AF is a group theoretic factor whose value is '6' for quarks, / e F = 1,2, , 6 and 4 
for the leptons / e , F = 7, 8, ,12 The positive values indicate the field theory containing 
Yukawa couplings only and may not be asymptotically free 
YF is the mixing term which can be put in matrix form 
YF=%AFHMl(t)MH(t), W s 1, 2, , 1 2 (2 4) 
In MSSM, the matrix AFH is specified by the 144 elements given below, 
w 
f° 
3 
3 
1 
0 
0 
0 
0 
0 
3 
3 
,3 
3 
0 
3 
0 
1 
0 
0 
0 
0 
3 
3 
3 
3 
3 
0 
0 
0 
1 
0 
0 
0 
3 
3 
3 
1 
0 
0 
0 
3 
3 
3 
3 
3 
0 
0 
0 
0 
1 
0 
3 
0 
3 
3 
3 
3 
0 
0 
0 
0 
0 
1 
3 
3 
0 
3 
3 
3 
0 
0 
0 
0 
0 
0 
1 
1 
1 
0 
1 
1 
1 
0 
0 
0 
0 
0 
1 
1 
1 
1 
0 
1 
0 
1 
0 
0 
0 
0 
1 
1 
1 
1 
1 
0 
0 
0 
1 
1 
1 
1 
0 
0 
0 
1 
0 
0 
0 
1 
1 
1 
1 
1 
0 
0 
0 
0 
1 
0 
1 
0 
1 
-r 
1 
1 
0 
0 
0 
0 
0 j 
1 
1 
1 
o) 
(2 5) 
The diagonal elements of AFH have been taken out as the cubic term in eq (2 3), so they 
are zero It is illuminating to have the values in generation wise break up 
Table 1. Ap for 1st generation fermions 
Fermions t c u b $ d v vtt v, r n e 
u 3 3 6 0 0 1 1 1 1 0 0 0 
d 0 0 1 3 3 6 0 0 0 1 1 1 
v, 3 3 3 0 0 0 1 1 4 0 0 1 
e 0 0 0 3 3 3 0 0 1 1 1 4 
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Table 2. AF for 2nd generation fermions 
v. 
1 
0 
1 
0 
r 
0 
1 
0 
1 
>' 
0 
1 
1 
4 
e 
0 
1 
0 
1 
Fermions t c u b s d v v4t 
c 3 6 3 0 1 0 1 1 
s 0 1 1 3 6 3 0 0 
vjt 3 3 3 0 0 0 1 4 
// 0 0 0 3 3 3 0 1 
Table 3. AF for 3rd generation fermions 
Fermions t c u b $ d v 
t 6 3 3 1 0 0 1 
b 1 0 0 6 3 3 0 
v 3 3 3 0 0 0 4 
r 0 0 0 3 3 3 1 
vtt 
1 
0 
1 
0 
V* 
1 
0 
1 
0 
r 
0 
1 
1 
4 
// 
0 
1 
0 
1 
e 
0 
1 
0 
1 
As the model is minimal supersymmetnc, the gauge factors GF(t), which are the sum of 
gauge couplings, are fixed, we take the values from References [18] and [12] 
Gu (0~g1 2 (0 + 3g22(f) + ^ gJ2(0 = i ; ^ f f r (0 (2 6) 
F = 1, 2, 3 stand for U and they are degenerate electromagnetic gaugewise Similarly 
GD(f) = ^ g 2 ( f ) + 3g 2 ( f )3g 2 ( f ) , F = 4, 5, 6 (27) 
G£(f) = ^ g2(r) + 3g22(f), F = 7 , 8, 9 (2 8) 
and Gw(f) = | g f ( 0 + 3g22(f), F = 10, 11, 12 (29) 
Here K3N = K| = 0, as the leptons do not have the strong colour interaction We shall 
need the integrals, 
1 r>_ _ ^ K r , . . L c,g,2f (tfrG f(r) = £ - M o g 
8 ^ * r " f?c, 
and 
^
 ( 2 , 0 ) 
-H?l<"wtf*b ^ <211> 
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t f - | / 1 (2 12) 
Deo and Maharana and Deo, Maharana and Mishra [14] made a very important observation 
that eq (2 3) which has to be solved for a given fermion, does not contain the coefficients 
of the same mass in the matrix A of eq (2 5) W e repeat [14] that this is the crucial and 
essential difference between our work and others W e emphasise that ZF(t) of the RGE 
(2 3) does not have mixing, a term MF(t) with other fermions This is the reason that we 
can integrate the RGE and this is like what can be done in one loop gauge sector RGE 
This fact has been overlooked by all previous authors As a result, the calculational details 
become cumbersome and the values obtained take enormous amount of computation 
Thus the present approach gives the hope of constructing a simple method of entangling 
the mass due to finding the solution of 12 differential equations As such, the terms 
Z / r(f) = YF(t)-GF(t) can be exponiented We introduce a subsidiary mass mF(t) through 
MF(t)^mF{t)exp\^^ lzF(T)dr^% (2 13) 
such that MF(MZ) = mF(Mz) = mF(0) GF(t) contains the informations about the usual 
gauge couplings They satisfy the equation 
16/r 2dmF(t) ( 1 . = Ar exp, 
ml r { 8,T2 tzF(r)di r \dt (2 14) 
They look, astonishingly, similar to the gauge sector one loop RG eq (2 1) and can be 
solved exactly Integrating eq (2 14) from Mz to Mx i e , from ( = 0 to fx, we get 
8TT2 8 T 2
 A f ( 1 f f ^ 
—o = — ? 4 A= L dt exp — - \ZF(r)dr 
m2F(Mz) m2F(Mx) F*> ^ 8 ; r 2 J F l ' J (2 15) 
Putting back the exponential, 
*{MZ) M2F(MZ) F{8x2 * FK ) 8;r2 * \**2 I J (216) 
This is the exact one loop solution M%(MZ) is the mass of the fermions at Mz 
The descent or ascent running of the masses from GUT Mx to electroweak Mz can be 
obtained by integrating eq (2 14) from t = tx to t The result which is not given in Reference 
[14] is 
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dx2M', top 
A W 
= 8/r2 Ml top 
M2F(MX) exp I8;r2 f ZF(r)dr) + /»f|
f
 * i e X p ^ J z F ( r ) d r (2 17) 
This is also one loop exact By solving eqs (2 16) and (2 17), we can find MF (Mx) and 
MF(t), respectively 
3. Original mass of all fermions at Mx 
The gauge integrals over GF(t) are easily and acurately calculable The most difficult task 
is to evaluate YF{t) Even though, it does not contain MF(t), it is a sum of squares of 
moduli of the masses of all fermions For example, from the matrix as given by eq (2 5), 
YxJt) = 3M?(t) + 3M;(t) + M2b(t)±M; (t) + M* (t) + M2v(t) (3 1) 
There is mixing of six other fermions for the top Since the top is heaviest of all fermions 
we take the mass of top as input in our calculation 
In the first approximation, one retains only those terms containing Mfop(t) occurring in 
any integral with YF(t) Consider the top case Vt (f) can be set equal to zero in the RG 
equation for the top Then GF(t) is the whole plain Yukawa contribution The top mass is 
then given by a simple expression 
where, using integrals (2 10) to (2 12), 
(3 2) 
"'top n [9u = 0 086 and 
= 0 802 (3 3) 
Putting these values, the original mass of the top, at an energy of 2 2 * 1016 GeV was, 
approximately, 
M,oP(M*) = Mtop(Mz) ( 1 " Dtop) n C * = 114 GeV (3 4) 
This is Deo-Maharana's [14] result We shall take the value of the mass of top quark to 
be 115 GeV which is at least a best approximation at the scale Mx 
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We can write the general formula for all the fermions, using the top mass as 
Ml(Mz) MJP{MZ) 
M2F(M2) M2(MX) CF+DF, (3 5) 
where 
Kf 
c,=n \9u exp (sK™ dr 
K" 
and °-^#-i?N(^H 
(3 6) 
(3 7) 
It is not so easy to calculate YF for other fermions even with the approximation given by 
eq (1 6) So we consider the Yukawa-like coupling hF(t) for F = 2, 3, , 12, which is 
related to MF{t) as 
(3 8) MF(t) = hF(t)exp(-^-I lGF(r)dr 
Here we have not taken the top The RG equation for hF(t) is, 
8x2d(\ogh2F(t))^ AFh2F(t)exp(—L £ G F ( T ) dr)dt + YF(t)dt (3 9) 
Here hF(t) contains the usual p -angle factors of the Higgs system As has been discussed 
in Section 1, we may not need this angle in our approach to the problem at hand If F > 
1, the heaviest fermion next to the top is the bottom The first term of eq (3 9), at the Mz 
scale, is 1/1235 times smaller, whereas the last term contains one hx in hbonom To a 
good approximation, and to begin with, we shall neglect this term and express hF(t) in 
terms of Y^O's Then 
£" y,(r)dr=8^log^ hF{Mx) 2(MZ) (310) 
Here, hF(Mz) = MF(MZ) by definition In the units of top mass 175 GeV, 
h2F{Mx) = M2(Mx)exp[--^ {"GF(T)drj = « M x ) e x p ^ £GF(r)drj ( 3 1 1 ) 
(312) < p ( M 2 ) = 1. 
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So, 
] V , ( r ) d r = -8*'log/W?</l*z) or e x p ( ^ L j[ v , ( r ) d r j _ . ^ ^ ( 3 1 3 ) 
This is true as long as the first term of eq (3 9) is negligible Since there is Mj in this 
term, it is much more justifiable to have,Dleplon = 0 The general eq (3 5) for the leptons 
gives 
M?0P(M2) Ml(M2) ^ 
C(«»)"MU(Wz) lep,on (314) 
where 
A ( a2} c~ 
C
»epton = 1 1 h r • 9 , V » n 9 M.epton(Mx ) = ^ptonQepton 
/ 1 v y u ) 
Putting the gauge constants and masses in the above, as experimentally reported, we 
get the masses at GUT scale for different leptons as given in Table 4 
Table 4. Unification scale mass for leptons 
Lepton Unification scale mass (GeV) 
e 116 
// 116 
r 116 
ve 126 
v, 126 
v 126 
At the grand unification mass, the electron, the muon and the tau lepton climb to 116 
GeV in this approximation The calculation for the neutrinos are not reliable as the isospin 
factors are uncertain and may be inaccurate 
We are now left with the remaining five quarks For them, we attempt to find the next 
leading order approximation, / e, we first set the first term equal to zero and obtain 
( 1 r<* ^ 1 M to D ( w z ) 
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This is used in the calculation for CF = CQ of eq (3 6), which gives 
and 
' ' 9 , M 
,-i \9u J 
c, 1 
M%{MZ) , exp (^J>)dr> h
2
Q(t) (316) 
D - 6 - fN 
° 8/r2Jo 
"§(0 
8 ^ Jo M£(MZ)*J II
1 
S * 2 
df (317) 
We look for ways to calculate hQ(t) We can retain only the top quark in the RG equation 
in a slightly different way than what has been taken by RRR [6] and get, 
Qn2d\0Qh*(t)-NQdt 
We have, from this result, read out as 
^charm - 3 , A/u p = 3 , /V b o f t o m = 1. /V s t r a n g e = A / d o w n = 0 
(318) 
(319) 
To use this value in YF, it is necessary to take an average as the couplings change 
rapidly, 
t Nc 
tx Jo or txJo87r tx 8/rd 
or h£(t) = exp f f 3L) (3 20) 
This expression for Yukawa coupling, is not much different from unity for all allowed ts as 
has been stated before We arrive at the following result, 
D „ = -
8?r^  Jo r 
Jo 
dt exp t Nc n 1 9fr> " C-
The unification mass is calculated numerically from 
8/r^ 
(321) 
M0(Mx) = Mtop ' Co ^ 
1/2 
1-0, 
'e»; 
(3 22) 
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The results, for the quarks, are given in Table 5 We note that wCharm(wx) = MuP( /wx) 
*Mtop(Mx) and M&XT^Mx) = Mt^fin(Mx)*Mbonom{Mx) 
Table 5. Unification scale mass for quarks 
Quark Unification scale mass (GeV) 
Top 
Charm 
Up 
Bottom 
Strange 
Down 
114 
115 
115 
119 
118 
118 
Thus, we have shown that all fermions seem to originate at an energy 2 2 * 1016 GeV 
with approximate mass of about 115 GeV Perhaps, this is due to the equality of A ~ 1 »n 
Wolfenstein's parametrisation of CKM matrix In this perturbative method of solution for 
finding the unification mass, information about the masses of the 11 fermions has been 
lost due to cancellation of Kf{Mz) in both rh s and / h s of the eq (2 16) due to use of 
eqs (3 13) and (3 17) The result of a common mass at the origin which we have shown 
to exist is, at least a hypothesis to pursue further 
4. Deduction of Wolfenstein parameter and the rotational integers 
As the original equation shown explicitly the top mass decreases with energy but all the 
other quarks and leptons, starting from the value at Mx acquire smaller and smaller values 
and become quite light in the electroweak scale The descent or ascent eq (2 17) describing 
the 'run* can be put in a form like eq (3 5) 
M2 
/wtop 
(Mz) M2 
'
wtop 
(Mz 
M2(t) M*(MZ) 
•CF(t)*DF(t), 
where CF(t) = aF(t)exp { 1 f*Y {^ Jo Yp (T)dT 
D
^^tdtM)exp[^tYF(T)d 
(4 1) 
(4 2) 
(4 3) 
/-1 
i-9fciLx 
(4 4) 
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and 
\-*&A 
«L 
1 - qfc.t 
8/r2 
(4 5) 
As an example, let us take the case of top For the top, we can take YF -» 0 and 
calculate variation of its mass from Mu -115 GeV to the top mass 175 GeV 
w
,oP(0 = -
Mtop(Mx) 
Ml 
12 
'top 
xV2 
V')+/V> (4 6) 
The values are given in Table 8 of Section 8 
It has not been possible to get any reliable results for other fermions Let us try 
another method For other cases than the top, we shall try to fit them into a scheme 
which is not only much simpler, but has better physical content In the following we 
discuss a different route for solutions without specifying gauge factors completely These 
give much better information about the mass value for all the fermions For other cases 
than top, let us construct a function BF{f) such that 
8*-2JL|ogB!(f) = ZF(f) 
where ZF(t)~ YF(t)-GF(t) contains the gauge factors in GF(f) also Then 
Bj{t) 
exp 
I 8;r ?W?Sr 
and 
Mr* ) 
exp —-=- ZF(r)dr \Zn2 Jtx J 
Bj(t) 
B2(MX) 
Eq (2 16) reduces to 
(4 7) 
(4 8) 
(4 9) 
MF(MZ)=-
BjWz) 
BF{MX) MF{MX) 
1 + 
M2F(MX) A, 
M, too 8TT
2
 JO 
dt B
2
F(t) ] 
B2F(MZ)\ 
V2 (410) 
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As indicated in the preceeding section, we neglect the terms with AF for all quarks except 
the top Then 
MF(Mz)^MF{Mx)^f\-MF(Mx)^[--^\ 
where the integral lF is 
(411) 
lF = j'oXZF(t)dt = J j £4*M£(t)MG(t)-GF(t)I 
with AIG = 0 to indicate that this is not for the top 
dt, (412) 
The purpose of introducing the logarithms in eq (4 7) is to incorporate the possible 
multivaluedness of lF From eq (4 12), 
lF--^ZF{t)dt=H^AFGMl(t)MG(t)-GF(t)}dt (413) 
= lj'\^AFGMUnMG(t)-GF(t) + ^AFGMl(-t)MG(-t)-GFH)} p (4 14) 
V dWdMF{t)\ %AFGMUnMG(t)-GF(t) + ^AFGMG(-t)MG(-t)-GF(-t) 
*
x F
 \ G G 
(415) 
r ^w(sG^^(o^(o-2^ ( f )+G^-0) 
LMU MF(t) (AFFMl(t)MF(t)-GF(t)) 
16/r2 »*u dM, (4 16) 
where we have used eq (2 3) There are poles in the integrand as can be noticed Let us 
set 
MF(t) = Mve^(MF i,))nF = M y e ' * ^ , 
where nF is the integer and specifying a particular Riemann sheet Mu is the GUT scale 
mass relation We will call it the rotational integer since t = Mue'0l={')nF maps the complex 
/-plain to inside of a circle of radius Mu Using the above in eq (4 16), we get 
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1 A - G p ( f ) 
16*» i„„ ,„ ~G FG **l 
GF(t) (417\ 
lF=mF-^~§dOF(t) 
*F^^GMFG
 h M 2 
There are poles in the integrand depending on Mu and GF We shall omit the 
inconsequential factor GF/Mfi in the numerator We note that for quarks 
AF + ££ 1 = 6 + 7 = 13 and for leptons 4 + 9 = 13 The integral is almost a constant We 
isolate the integer np characterising F from the integral, using 1 = (1/12)SH m eq (4 17) 
then find 
'-'"^^ss i^;^ !" 
H ^H HG
 M2 
(4 18) 
u 
In the above we have averaged over the twelve fermions Retracing the steps and using 
/WH(0 = /Wae'''H(OnF ,n ecl (4 18)« w e f ,nal |y 9 e t 
^^^SS^Jo^^iV^SS^ ^HG (4 19) 
H G ' u "~ H G 
First, we shall be interested in the CKM matrix for quarks with lepton masses taken as 
zero Then let G vary from 1 to 6, whereas F will be taking values from 2 to 12, since all 
of them contains 6 quarks Only the coefficients AHG are needed to calculate lF of eq 
(4 19) The coefficients AFG have non-vanishing values for F = 2, 3, ,12 and G = 1 2 
. 6 
For F = 2, , 6 , AFA + AF2 + + AF6 = 7, (4 20) 
and 
For F = 7, , 12, An + ^ 2 + + 4F6 = 9 (4 21) 
These are obtained from all the numbers given in eq (2 5) and in Tables 1, 2 and 3 Care 
should be taken to calculate these values from the corresponding Tables For the twelve 
fermions, the sum of the values of the coefficients AFG is (7 * 5) + (9 * 6) = 89 The 
average of Z, / e , Z is given 
89 
Z = 89/12, and lF ^nFtxT^ (4 2 2 ) 
The masses of all the fermions due to quark-lepton equivalence other than the top is 
tx 89 
MF(Mz)-MF(Mz)e~nF™"2™ -A"FMU ( 4 2 3 ) 
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where Kf '$ ^ r a , s ^ d to t h e P ° w e r o f ( ' X / 1 6 / T 2 ) (89/12) The Wolfenstein parameter 
X is readily obtained by letting nF = 1 in the exponential for the ratio of the masses, 
A = exp J * ^ L 0 2 1 9 ,424, 
16^ 2 12 J <424> 
This is an excellent result in spite of the approximate estimates 
The Table 6 identifies the particles We have increased nF by neighbourhood integers 
which we have called the rotational integers 
Table 6 Identification of fermions 
nF 
2 
3 
4 
6 
7 
8 
9 
16 
Mass in GeV 
5 5 
1 2 
0 264 
0 012 
0 0028 
6 x 10-4 
1 33 x 10-4 
3 x 10"9 
Fermion 
bottom (b) 
charm (c), tau lepton ( r ) 
strange (s) muon ( / / ) 
down (d) tau neutrino {v ) 
up (u) 
electron (e) 
muon neutrino {vu) 
electron neutrino (ve ) 
Expt Result (GeV) 
5 
14 17 
0 1-0 23 0 01 
0 055-0 115 
0 003 
x 10"4 
1 9 x 10-** 
3 x 10 q 
This, by itself, is a very notable equation for phenomenology This is deduced in a different 
context and arguments than those given in normal circumstances The introduction of 
Anp is one such device to put the various fermions in the top integral mass source, from 
which they are deduced The method of approach is different from the usual ones But 
the results should yield the values observed experimentally The following analysis is 
entu-ely new and gives the Table 6 The values are still approximate and we shall try to 
improve them as we proceed We also remark, it may not be necessary for the calculations 
we shall perform below but provides a good guideline to go further into the details of all 
the calculations 
5. Gauge contributions 
5 1 The masses of top, charm and up quarks 
It is easy to write down the equation for the top mass in terms of the mass MF(MX) and 
gauge couplings 
, 1
- ^ ( 5 1 , M » P - = M » P ( M X ) 
atop 
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We shall also need the equation for the descent of top mass 
M, M, 
^ 7 = T T T J ^ r a t o D ( 0 + Dtoo(f) 
HoP (0 Mfor>(Mx) top
v 
'top* (5 2) 
The equation contains only the gauge factors This agrees with our previous equation for 
the top and the nature of variation with T should be more carefully be noted 
5 2 The masses of charm and up quarks 
The RG equation for the top is non-linear and intermixed Specifically it is 
8/r2 SL\ogMUt) = -Gu + 6M?(t) + Y{(t) 
dt (5 3) 
Following a texture analysis of the RG solutions, we introduce another function 6(f), (not 
to be confused with BF(t))t which satisfies 
B^2—logS2(f) = - 6 ^ + 6 ^ ( 0 (5 4) 
Eq (5 4) does not specify the function 6(0 completely except that d log 6(0 = d log 
(Mt (0) This lone restriction gives us an infinite number of free choices Because letting 
B->^Bt where £ is an arbitrary constant, does not change the top mass function /Wtop(f) 
For simplicity, we take the second derivative of this function 6(0 to be zero so that 
cf log 6(f) = CBdt (5 5) 
CB is essentially d log/Wtop(f),/Wtop(f) changes by only 30 to 50 GeV as the mass // 
goes from 91 GeV to 2 2 * 1016 GeV CB~(175-(123 to 115) ) / l75-0 297 to 0 342 
We take CB = 0 3 The nonequiness due to nonlineanty can also be seen as follows 
dlog6(f) = dlog/W(f) = d l o g ^ =
 7 ^ T 
M0 16/r 
-G„+6| M top M„ \ "'0 
M is an arbitrary constant We can choose M suitably so that 
( Mfnn V 
M, O ) 
/ l6;r2-0 3 = Cfl 
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Integrating from t = f x (M x ) to t = f x (M z ) , we have 
B S7 log — = -CBtx , a n d ^L = e<Vy = ( a i 9 2 ) 6 B, S„ 
Furthermore, integrating from f = /x to arbitrary t, 
(5.6) 
5(0 
: exp(C e a- f x ) ) = 13/ 
P->''x) 
Let us examine the case for the charm. We have 
8* 2 4-log M2(f) = -Gu + 3M2 = -G„ + I[6M 2 - G 0 ] + ± G 0 
~Gu+4n2fL\ogB2(t). 1 — I 2 off 
Integrating from tx to f, 
,og < a f m (0 =llogBHn^ c 
Mc2harm(Mx) 2 6 2 16*2 
f G^ndt, 
(5 7) 
(5 8) 
(5 9) 
V2 
^ a r m ( 0 ^ a ( M ) ' e x p ( - ^ L _ ( G u ( r ) . r ) , (5.10) 
and 
WCharm(W2) = M u [ ^ - j ' C-1p/4, C^ 4 - 1 -8466 . 
M„ 
1/6 
'Z I p-1/12 
B - | hop 
n3 
f - M charm( W x) 
From Section 4, we now calculate 
^ . e ^ C j 1 2 - 0.221 
(5.11) 
(5.12) 
Again this is a good result. The mass of the charm is 1.24 GeV from the eq. (5.11) in 
very good agreement with the experimental value. The rotational integer nF is three as in 
Table 6. 
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We continue further and consider the up quark The 'heavy top integral' approximation 
of the RGE for the up quark is 
8 * 2 ^ l o g < p = - G u + 3 M t 2 o p ( f ) , 
dt (513) 
Guessing from the general rotational integral parametrization, as shown in Table 6 as A" 
we write this equation as 
8 ^ ^ l o g W u 2 p = - G u + l(6 / W«oP(0). dt 
__ u + 8;r2^logB2 ( f ) -^8;r2^log<p ( f ) dt dt 
Integrating, we get 
(514) 
M, up 
M, \Bu 
(Mu) 
M. 
1/2 
1/4 
t o p ; 
(515) 
4iP - B., 
M, 
J /2 
V M « o P , 
s-1/4 
1/7 
= 0 220 (5 16) 
This gives M - 0 0029 GeV, with Mu = M{op(Mx) f a little lower value but quite close to 
the experimental result The values depend crucially on Cfi, which is itself not exact It is 
also true that Mu may be a little different from 115 GeV 
6. Masses of the down quarks 
The calculation of the mass of up-quark has set the method of finding solutions close to 
the experimental values by using the texture analysis function B{t) ignoring the terms with 
coefficients AF We present a general recipe from the 'heavy top integral' approximation 
Let the RG equation for any F * 1 be 
8 ^ 2 ^ l o g M | = - G F 4 - A / F M t 2 o p (6 1) 
Here NF can be zero as well 
W f W£ p ( f ) -^ . (6Wi , (0 -6 u ) + ^ - G ( / , 
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NF + i?F (^a£*H-Tl8*a><4irG<- (6 2) 
i]F can be determinable coefficient All of them will satisfy the RG equation because of 
eq (5 4) One may wonder how the top can enters into the picture everywhere The reason 
is that the average integrals for all the quarks as noted in eq (3 20) is nearly equal to 
one B works like a spectrator But they should let nF and A be such that they are within 
rotational integers and gauge interaction contributions 
Integrating from the known values, tx to 0, we get 
M, (yWz).MuexP[--1- £ 6 F (0d>-^_£ Go<0<*) 
"lr 
lM .opJ 
(6 3) 
Using values of >iF , which are easily determined and fairly approximately calculated For 
the down quarks, 
8 T 
dt b - G P + < P (64) 
So 
8^^-log MSV-G 0 
Q^±\ogM2b=-GD + 2M?op-M?op, 
(6 5) 
(6 6) 
= - G 0 + ^(6Mfop G J - ^ ( 6 < p - G L ; ) i % -
-Gn + 
6 
25 ^^h f t ^ ' ^h f 
(6 7) 
(6 8) 
Integrating from tx to 0, we get 
Mb(Bz 
Mu \BU 
2 5/6, 
VMioPy 
J 5/6 
Q-1/2-1/12 (6 9) 
[BU J 
2 5/12 (M,) 15/12 
- i2 
Mt top / 
1/4
 01/24 
*~D"*U (610) 
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The quantity in the square bracket is A - 0.203 • This gives the value of the bottom mass 
as to be 4.7 GeV. 
For the strange we have, 
Bn2— log/W2 = dt a s -
G
°
+¥(6"2^ , o g e 2-G-)-fH^ , o 9<-G4 ( 6 1^ 
This leads to 
M 
~M, 
S __ 
\4 5/6 
M, 
v45/6 
v t o p ; 
-1/2 '£U4 '5;2V/W, 
a 
u / 
N4 5/24 
Ap, 
, -1 /8 
= ^
4
. (612) 
Here A comes out to be near 0.196 and the strange mass is found to be 0.168 GeV 
Proceeding further to the down quark, we get 
8 ; r 2 - l o g M 2 = - G D + — f e ^ - l o g S 2 - G J - — ' dt a d ° 6 { dt y u j 6 e^iogMfop-Gu (613) 
which gives 
M, 
d _ f ^ l ^ 
6 5/6 
M, 
N6 5/6 
^
M
. O P ; 
-1/2 _ (B?f5m( M„ ) 
K&UJ 
6 5/36 -16 
V M t o p , 
,-1/12 
--A* (6 14) 
This gives ^ r=o.19 and Ms = 0.0053 GeV. The ratio Ms/Md - 3 1 . However, from eq 
(1.20), this ratio is 
= /T2 = (0.2)-2 = 25. (615) 
The experimental values are close to 25. 
7. The masses of the leptons 
Ignoring the non-linear terms proportional to AF = 4, the RG equation, with the mass of 
the top quark only, for the six leptons are 
S / r ^ l o g M f „ r = -GE , (7.1) 
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8*V° g MW=~G" + 3 M < top (7 2) 
For the first three electron-leptons, we write, with choices based on A ~0 22 and rotational 
integer nF , 
8 / r 2 | l o g / W | ; / r = - G £ + 30 17 11 24' 24' 24 J 8;r
2
^-logB2( f) GLI 
30 
24 
Htll)(6jr2 ^ | o g /W 2 (f) G 
24 24 A df p 
and obtain 
(7 3) 
e „ [5L 
5/4 
M, 
.5/4 
M top J 
, - 1 /2 
\ 5 3 2 l 
u y 
M, 
v5 32 
M, top 
1/1G 
- ; 8 (7 4) 
which gives Ae = 0 209 , Me = 4 * io~^ GeV Similarly 
M
, i _ [ B Z 
^ ^ 
17 24 / 
M„ ) 17 24 
M top / 
1/2 „ 
17 120 J 7 120 
= A 
* ' (7 5) 
which gives >i;/ •= 0.238, M^ = 0.09 GeV, 
and 
Ms 
[Bu 
1V24 
M, 
V M . O P 
11/24 
a-1/2 fB, 
,11'72/ 
KBUJ 
M, 
\ 11/72 -J 3 
/w top / 
1/6 
- ^ (7 6) 
which gives / r = 0 23, /W r=136 GeV 
The masses of the neutrinos have not yet been measured, only limits have been set 
The reported values, as shown in Table 6, fall into a good pattern, namely, Mv^ ^ MuAJ[6t 
M
Vii=MuA9 and Mv =MUA6,A = 022 So the equivalent, degeneracy lifting equations, 
showing the choices of nF are 
8 * a ^ l o g W i = - G w + | ( 6 M £ p - G w ) - 2 ( 6 W S p - G 0 ) + -jGu. 
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= _ G A , + -
The neutrino masses are obtained as 
M =M a~V2aVA 
-1/2a1/4 
i, top J 
Mv = MuaNV2au 
B7) 
B, 
3/2 
U I VMtoPj 
^ / l i 6 - 3 x 1 0 - 9 G e V , 
-Al -14x10- 4 GeV, 
M„ M fl-1/2fl1/4 /wL/a/v a t ; 
M, 
M, top y 
1/2 
-At - 1 3 x 1 0 2GeV 
(7 9) 
(710) 
(7 11) 
This completes our calculation of the masses of the quarks and leptons in terms of 
known and calculable quantities nF, satisfying the RG equations The calculations given 
in these cases appear to be specific It is absolutely necessary to write down the solutions 
of the RG equations for each quark and leptons separately, then alone, the contributions 
from the gauge interactions and the Yukawa mass coefficients AFH can be ascertained 
However, the values of the coefficients rjF used above have been calculated, upto to 
the nearest fraction, from the cited rotational integers nh in Table 6 and the top coupling 
coefficients NF from the RG equations They are given in the Table 7 
Table 7. Coefficients of f]F for fermions 
Quarks 
c 
u 
b 
s 
d 
nF 
3 
7 
2 
4 
6 
NF 
3 
3 
1 
0 
0 
' / f 
0 
1/2 
1/4 
3/4 
13/12 
Leptons 
e 
/' 
T 
ve 
Vu 
vr 
nF 
8 
4 
3 
16 
9 
6 
NF 
0 
0 
0 
3 
3 
3 
>)F 
30/24 
17/24 
11/24 
2 
1 
1/2 
8. Running masses of the fermions 
The exact one loop solution of the RGE for change in mass values with energy is given 
by eq. (2 15). With ZF(t) = YF{t)-GF(t) = 6/r2(d/dt)\ogB*(t), this equation reduces to 
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M: '.OP _M£pflJ(fx), \ f< Bftf,) 
2
-(t) M?, Blift 8TT2 h ' e|(f j A^tf) ^ S | ( 0 &7T2 (8 1) 
and 
MF(t) = MF(Mx) 
BF(t) 
BFitx) 
< . . * * . . *2, > 1 / 2 
1 + 
Mu AF ff*
 w , B'itJ 
< P 8 * 2 
J
' ^ ( f x ) j 
(8 2) 
If we take 
B F ( 0 - ^ , 1 - " ' * , = e x p 1- — logeyi (8 3) 
and 
MF(t) = MuAnf Ml Ac rix 
,1/2 
M.2 8^r2 J; 1 (8 4) 
with 
}t 1 fv Jf 1 
Jx 1_ 
2nF \oggA 
~2nF logp /i _ -2nf lltx log,, / 
= _ J * L_b-2"F _ r2'^ '" * 1 
2n- l o a . i l J' >V l o 9 e ^ 
we have, from eq. (8.2) 
(8 5) 
MF(t) = MF(Mx) 
/M 1 ' ' " * ) 
W | ( M X ) j A £ A2nFA2nfltxlA-2nF _A-2nFtltx\ 
h/l2 o _ 2 \ / 
< P 8^ 
1/2 
(8.6) 
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We shall not use this for constructing the tables A simpler approximate form ignoring A 
terms of eq (8 6) 
MF{t) = MF(Mx)X nF(1-ff33) (8 7) 
is presented in tabular form in Tables 8, 9 and 10 This gives the same CKM matny 
Now, we present our results in the following tables 
Table 8. Variation of M (t) with f - l o g „ ( / / / M z 
12 15 18 21 24 27 30 33 
Mxjp(t) (GeV) 175 88 166 98 159 60 153 25 147 61 142 46 137 64 133 02 128 51 124 51 119 56 115 OC 
Table 9. Running lepton masses in GeV tx = 33 
t/U Ma M„ Mr M„ Mu M„ 
0 
0 1 
0 2 
0 3 
0 4 
0 5 
0 6 
0 7 
0 8 
0 9 
1 0 
0 00051 
0 00175 
0 006 
0 0206 
0 2 
0 242 
0 830 
2 849 
9 774 
33 527 
1150 
onn 
175« 
150 
125 
2 100 
75 
50 
25 
0 I 
Be. 
E 
i— 
0 105 
02115 
0 426 
0 8575 
1 726 
3 476 
6 999 
14 081 
28 369 
57 118 
1150 
1 77 
2 687 
4 079 
6 192 
9 399 
14 267 
21 658 
32 876 
49 910 
75 758 
1150 
r- i - uL-t-jk- - i - -4- -V 
0 01 02 03 
• 
^* 
*f'~r~ -L--
04 05 06 
tH. 
3x10~9 
3 43x10"8 
3 92x10~7 
4 49x1 CT6 
5 13X10-5 
5 87x10"4 
6 72x10*3 
7 68x10~2 
0 482 
10 05 
1150 
* " * K 
/ t / / 
si 
,' 
- * \ \ . 1 . 
07 08 0 9 
1 9X10-4 
7 19X10-4 
2 72x10"' 
1 03x10 ' 
3 9x10"2 
0 1478 
0 56 
0 01 
8 02 
30 374 
1150 
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0 043 
0 104 
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19 93 
47 9 
1150 
Figure 1. Variation of masses of up-quarks in GeV with tJtx, t = log(///M2) and tx = 33 
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Table 10. Values of running quark masses in GeV (other than the top quark), tv = 33 
t/tx 
0 0 
0 1 
0 2 
0 3 
0 4 
0 5 
0 6 
0 7 
0 8 
0 9 
1 0 
Me 
1 27 
2 62 
3 12 
4 9 
7 7 
120 
18 96 
34 16 
46 69 
73 28 
1150 
**u 
0 0042 
0 0116 
0 0324 
0 09 
0 25 
0 695 
1 9307 
5 3636 
14 9 
41 395 
1150 
Mb 
4 23 
5 88 
8 18 
11 39 
15 85 
22 05 
30 687 
42 696 
59 406 
82 651 
1150 
M* 
0 159 
0 307 
0 593 
1 146 
2 213 
4 276 
8 26 
15 95 
30 82 
59 59 
1150 
Md 
0 0075 
0 0196 
0 051 
0 135 
0 354 
0 9287 
2 434 
6 383 
16 73 
43 86 
1150 
From the above values, we find that (d2MXl)p(t))/dt^ is nearly zero The top mass variation 
is approximately 
Mtop(f) = | 1 7 5 - ^ x 6 0 | GeV (8 8) 
The graphs are much more revealing The variation of mass for the up quarks, including 
the top, have been shown in Figure 1, for the down in Figure 2, for the electrons in Figure 
3 and for the neutrinos in Figure 4 All have been compressed in Figure 5 to allow a 
glance at the totality of the descent and ascent of the masses to the unification mass of 
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Figure 2. Variation of masses of down-quarks in GeV with f/fx, t = log(///Mz) and tx = 33 
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115 GeV We believe that an exact analysis will not differ much from those presented in 
these Figures 
9. Concluding remarks 
Deo and Maharana [14] have already given near exact solutions for the one loop RGEs in 
MSSM They proved that all the fermions might have originated from a common mass 
M0 -115 GeV at the GUT energy of Mx - 22x101 6 GeV in a perturbative scheme We 
have cited our work in the second of reference [14] We obtain Mtop(/Wx) = 110 GeV If this 
is used for the bottom, we get the mass of the bottom to be 5 31 GeV These are 
examples of the two quark generations Gaillard and Lee, and other have remarked that 
lepton masses jump to quark mass values at high energy Thus these are evidences in 
support of a reverse look from the one original mass for all fermions It is interesting to 
note that the relations given in eq (1 20) are well satisfied in our approach 
As the energy diminishes, the mass of the top increase to 175 GeV at the Z-meson 
mass Mz, whereas, masses of all other quarks and tiny leptonic masses increase from 
their value at Mz to Mu of each 115 GeV Hopefully, the exact nature of this variation 
could be obtained from RGE Hence by introducing an auxiliary function B(t) for the nonlinear 
mixing terms of RGE, a very simplified expression has been obtained for both the mass 
values at Mz(t = 0) and their variation till Mx, while the masses of the fermions, which 
keep changing and attain the same final value at Mx 
The success of the analysis of the Wolfenstein and the ratio parametnzation of RRR 
given by eq (1 20) is clearly brought out by our solutions An extension to running masses 
at linearity level, leads to a very simple formula for the fermions other than the top, 
MF(t)^MLJ ( MF 
i
-/j ^t] 
M{JA ' f> \ (91) 
where MF*9 = MF {Mz) =- Anp The increase is exponential Much more exact analytic 
studies are needed to deduce the values of the nF from RGE As a first step, we follow 
up the texture analysis procedure by introducing a similar, but not the same function B(t) 
[13], which is such that d log 8(0 = d log MXop(t) The resulting non-uniqueness is taken 
advantage of introducing known gauge couplings and the values of n p the effect of gauge 
interaction have also been calculated 
In the foregoing Sections 1 to 8, there has been two important omissions We have 
not remarked either about higher loop effects or about the threshhold corrections They 
may be very large due to the existence of a very heavy top Also there has been no 
mention of the CKM phases But, we work with three generations only So, in this case 
there is precisely, one phase angle (p This is defined from the Wolfenstein parametnsation 
as 
1560 6 B Deo and P K Mishra 
A = 
1 
KMS Mc )JMS Mc ^ (9 2) 
and can be deduced by extending the Gatto-Sarton-Tonio-Oakes (GSTO) [18] to next 
leading ore 
3 we get 
1/2 
leading order of solution of RGE, J> = (Md/Ms) Putting in the numbers nF from Table 
cos0- - ~ - - 0 1 , 0 - 9 5 ° (93) 
This result is reasonable 
It may be argued that there are too many parameters still in the guise of the rotation 
integers nF even though A could be determined Let us recall the case of the unification 
of the strong, the weak, the electromagnetic and the gravitational interactions One 
consciously omits gravity and lists the other three in order of their strengths Here the top 
mass, with the largest value, has been deduced from the knowledge of the unification 
mass and gauge couplings quite accurately For F = 2, the two successive rotations / e 
0 to An gives nF = 2 and MUA2 falls near the mass of the bottom This process of 
complete successive rotations yields the masses of all the quarks and electrons except 
nF = 5 However, there is a GUT prediction by Georgi and Jarlskog [3], that the ratio 
Ms/Md -25- A 2 This may be the reason why nf jumps from 4 to 6 There is also 
another accurate prediction 
Mci/Ms
 =Q
 MeM,< 
V-Md/Ms)2 {l-Me/M/{f <9 4 ) 
With these GUT supplements, there is no other unknown additional parameter left The 
unification mass Mu -115 GeV is the only input Corroborating and in consonance with 
a lot of excellent work in neutrino physics have been done by many workers e g Babu 
Mohapatra and Barr [20], the neutrino masses fall with the rotational integers, determined 
for the neutrinos in the Table 5 in a nice way 
The Figure 5 illustrates the success of our method to solve the RGEs The similarity 
of Figure 5 with gauge unification graph is striking The original ideas of Pati and Salam 
[1] is correct even with masses as well as the SUSY standard model We have suggested 
and calculated masses from one model when successfully implemented, SUSY standard 
model world can be characterised by only three parameters, the GUT mass 
M x - 2 2 x 1 0 1 6 , the GUT coupling strength aGUT~1/24 5 and common-ongin-fermion 
mass Mu = 115 GeV This is a simplification beyond expectation Above the Planck 
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energy, it is assumed that there was no matter, but only radiation At GUT energy, all the 
four interactions were presumably of the same strength In fact, SUL{2) gauge coupling 
strength is nearly the same in the range 102 to 1016 GeV, it is therefore natural to expect 
equal mass for all fermions at creation The possibility that all fermions, at one time, had 
one mass at about the GUT scale can not be ruled out 
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